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Abstract—Determining suitable locations of series-connected 

controllers is a practical problem when it is necessary to install 
them in modern power systems. The aim of this paper is to find 
the best location of series controllers in order to reduce the 
proximity to instability of a current operating point of a power 
system, from a transient stability viewpoint. In order to achieve 
this goal, a general approach has been developed based on an 
index of proximity to instability and trajectory sensitivity 
analysis. An efficient way to carry out multi-parameter 
sensitivities is formulated analytically and solved simultaneously 
with the set of differential-algebraic equations representing 
power systems dynamics within a single-frame of reference. 
Simulations are performed on 9-bus and 39-bus benchmark 
power systems for illustration purposes. Results show that the 
proposed approach provides the most effective location of series-
connected controllers to improve the power systems transient 
behavior.  

 
Index Terms—Transient stability, trajectory sensitivities, 

sensitivity index, series compensation. 

I. INTRODUCTION 
dvances in Flexible AC Transmission Systems (FACTS) 
controllers have led to their application in improving 
electric power systems’ controllability [1],[2]. It has been 

recognized that the location of these controllers has a large 
impact on their performance with regard to the control 
objective to be fulfilled. The best allocation for one objective 
may be less suitable for another objective. This has motivated 
the development of several kinds of approaches for finding 
proper locations of FACTS controllers in order to improve the 
power system’s static or dynamic performance. 
Methodologies based on singular value decomposition [3], bus 
participation factor [4], augmented Lagrange multipliers [5], 
heuristic methods [6], [7], mixed integer linear programming 
[8] and sensitivity-based approach [9], [10] have been 
proposed to allocate controllers to satisfy suitable steady-state 
control objectives.  On the other hand, proper locations to 
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improve damping of low frequency electromechanical 
oscillations have been determined based on modal analysis 
[11], [12], [13] and residue method [14], [15]. 

Transient stability analysis is also an essential study in the 
operation and planning of electric power system [16]. If this 
study determines that a rotor angle transient instability takes 
place due to large electromechanical oscillations among 
generation units and lack of synchronizing torque on the 
system, control actions have to be taken to prevent partial or 
complete service interruption. Among different preventive 
control measures, it is possible to apply series compensation 
in a proper place to regain an acceptable state of equilibrium 
after the disturbance by improving the system’s stability 
condition [16]. The stability condition can be computed by a 
time domain simulation which is applicable for arbitrarily 
complicated models, and it is feasible for large-scale power 
system analysis. However, this simulation only provides 
information about a single scenario, and repeated simulations 
have to be done to assess a degree of system’s stability or 
instability.  

Trajectory sensitivity (TS) analysis overcomes the need of 
repetitive simulation. In this approach, a linearization is 
carried out around a nominal trajectory rather than around an 
equilibrium point, such that it is possible to assess variations 
in the nominal transient trajectory resulting from small 
perturbations in the underlying parameters and/or initial 
conditions [17]. These results are only valid for the 
equilibrium point that defines the nominal trajectory. 
Applications of TS includes the study of parameter 
uncertainty in system behaviour [18],[19], determination of                  
well-conditioned parameters for reliable estimation 
[20],[21],[22], and determination of critical machines which 
are likely to go unstable for a given loading conditions and a 
specified contingency [23], among others [24]. 

Owing to the fact that TS analysis provides a qualitative 
measure of how stable or instable a particular case may be, 
and valuable insights into the influence of parameters on the 
nominal transient trajectory of the system, this approach was 
applied to successfully analyze the Nordel power grid 
disturbance on January 1, 1997 [25]. Sensitivities of relative 
rotor angle with respect to line impedances were used to 
identify which line was most sensitive with respect to system 
stability and to indicate the effect of this line with respect to 
different generators in the system. Based on these results, 
authors suggested that the TS approach could be used to 
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choose effective locations of FACTS devices. This idea is 
revisited and applied in this paper to determine the suitable 
locations of series compensators.  

Since the improvement of transient stability can be 
considered as a problem of controlling transient trajectories by 
a change in parameters, TS can be used to judge the 
effectiveness of FACTS controllers in improving stability. 
This study was performed in [26] considering static models of 
a thyristor controlled series compensator (TCSC) and a static 
synchronous compensator (STATCOM). The effects of these 
compensators were assessed by placing them individually at 
each transmission line, one at the time, and calculating a    
post-fault stability condition based on the numerical 
formulation of the trajectory sensitivity. In this case, 
sensitivities of state trajectories with respect to system 
parameters are found by perturbing the selected parameter 
from its nominal value, and making the division of the 
changes in the state variables over the parameter perturbation; 
i.e. /x βΔ Δ , at each time step of integration. This approach 
requires two time domain simulations for each sensitivity, and 
the selection of the size of the parameter perturbation. The 
later is selected heuristically such that the numerical 
sensitivity be very close to the analytically calculated 
trajectory sensitivity value. 

The most effective location of a series compensation can be 
obtained by the approach suggested in [26] for a given one 
fault scenario after the computation of Γ time domain 
simulations, where Γ=(1+number of parameters (Np)). As the 
number of fault scenarios increases by nf times, the required 
number of time domain simulations to assess the parameters’ 
effects is actualized by Γ=nf*Γ. 

A radical approach is applied in this paper to avoid the 
problem of performing a great number of time domain 
simulations to determine the most effective location of a series 
compensation. This consists of formulating the trajectory 
sensitivities analytically, such that only one time domain 
simulation is required to assess the effect of one parameter for 
a given fault scenario. The extension to multi-parameter 
sensitivities computations is straightforward. The number of 
simulations only increases directly proportional to the number 
of fault scenarios and is not a function of the Np parameters 
considered at each fault study.  

The remaining of the paper is organized as follows. Section 
II provides the mathematical models of the electric power 
components considered in the studies. Section III presents the 
detailed analytical formulation to carry out multi-parameter 
trajectory sensitivity studies, while Section IV describes the 
application of this formulation to select the most effective 
location of a series compensation.  In Section V, two case 
studies based on the WSCC 9-buses 3-generators system, and 
on the New England 39-buses 10-generators system, are 
analyzed and discussed in detail. Lastly, Section VI points out 
the conclusions. 

II. POWER SYSTEMS MODELS 
An electric power system can be represented analytically by 

a set of parameter dependent differential equations 
constrained by a set of algebraic equations (DAEs), as given 

by (1), where x is a vector of the dynamic state variables, y is 
a vector of the algebraic variables (usually complex node 
voltages), and β  is a set of non-time varying system 
parameters 
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Due to the fact that transmission network dynamics are 
much faster than dynamics of the equipment or loads, it is 
considered that the variables y change instantaneously with 
variations of the x states. Hence, only the dynamics of the 
equipment, e.g. generators, controls, FACTS devices, and load 
at buses, are explicitly modeled by the set of differential 
equations (1). The set of algebraic equations express the 
mismatch power flow equations at each node. As the power 
system can be viewed as an interconnection of several electric 
power plant components, particulars of each model considered 
in this paper are given below. All variables are given in per 
unit, unless otherwise specified. 

A. Generator 
In this paper, the two-axis generator model is considered 

with a field and a damper winding on the d-axis as well as a 
damper winding on the q-axis. 
 

1) Rotor equations  
 
The rotor mechanical model is given by the swing 

equations. For the ith generator, these equations are 
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where 2Hi is the moment of inertia in seconds (sec), Di is the 
damping constant, Pei is the generator’s electrical power 
associated with the internal voltage source, PMi is the turbine 
mechanical power injection, iδ  is the generator’s rotor angle 

in radians (rad), ω0 is the synchronous speed in rad/sec, and ωi  
is the actual rotor speed in rad/sec.  

The equations of the two electrical systems on the rotor are 
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where '
diE  and '

qiE  are the transient internal voltage 
magnitudes on d and q axes, respectively, diI  and qiI  are the 

stator currents on d and q axes, kiX  and '
kiX  are the 

synchronous steady state and transient state reactances on axes 
k=q, and k=d, respectively, '

0d iT  and '
0q iT are the constant time 

on d and q axes, respectively, lastly, fdiE is the DC controlled 
voltage field.   
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2)   Stator  equations  
The algebraic equations (4) can be obtained by neglecting 

both stator transients and stator resistance, where iV and iθ  
are the magnitude and phase angle voltages at generator 
terminals on the network side, and the generated power is 
measured at terminals, 
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B. Excitation system 
The excitation system is considered as shown in Fig. 1, 

which includes max/min ceiling limits, with its equation given 
by (5) 

 

  
Fig.1. Excitation system. 
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where fdiE is the DC controlled voltage field, refiV is the 
reference node voltage, tiV refers to the voltage at the 
generator terminal, AiK  is the control gain and AiT is the 
excitation system time constant. 

C. Load 
 The classical constant impedance load model is considered 
to capture the transient system trajectories. The impedance 
values are computed at the ith system node from the stable 
equilibrium point that define the pre-disturbance operative 
state as follows: 
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where 0
LiP  and 0

LiQ  are nominal demanded load and 0
iV is the 

nominal voltage measured at the pre-disturbance state. 

D. Network 
This model consists of those equations expressing the active 

and reactive power balances at every system nodes. For the 
transmission element connected between nodes i and j, the 
active and reactive powers at the ith node are 
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Assuming gn  generator nodes and PQn  network nodes, 

kV and kθ  are the magnitude and phase angle voltages at 
network nodes, 1, , g PQi n n= +K , respectively, and 

ij ij ijY G jB= +
r

 is the admittance of the transmission element 
connected between nodes i and j.  

The mismatch power equations at the network nodes are,  
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where { }:i j j iΩ = ≠  is the set of nodes adjacent to i, and LiP  

( )LiQ is the active (reactive) power demanded by the load 
embedded at the ith node. 

III. TRAJECTORY SENSITIVITY ANALYSIS 
The constrained nonlinear dynamics of the power system 

are calculated by solving (1). State trajectories associated to 
this dynamic behavior will vary with small changes in the 
system parameters or the variables’ initial conditions, and 
these variations can be quantified through a time domain 
sensitivity analysis. Nevertheless, there are two limitations in 
this approach, which relies on repeated simulations: (1) the 
computational burden required to calculate sensitivities, and 
(2) there is not a quantitative measure of the proximity to 
instability of the power system. 

It has been demonstrated that it is possible to find out in a 
rigorous approach how sensitive the trajectories of each state 
are to changes in system parameters or initial conditions. The 
theoretical treatment to obtain analytical equations of 
trajectory sensitivities has been reported for both ODEs [27], 
[28] and DAEs [27], [29]. The analytical system sensitivies of 
(1) w.r.t. system parameters can be found for the post-
disturbance state by perturbing β from its nominal value 0β , 
and considering that ( , , )f x y β and ( , , )g x y β  have 
continuous first partial derivatives w.r.t. x, y and β  from the 
disturbance clearing time clt  to the end of the study time endt , 

for all [ ] x x( , , ) , x n m p
cl endx y t tβ ∈ ℜ and initial conditions 

( )cl clx t x= , ( )cl cly t y= . 

A. Analytical Formulation 
Let 0β  be the nominal values of β , and assume that the 

nominal set of DAEs 0( , , )x f x y β=& , 00 ( , , )g x y β= has a 
unique nominal trajectory solution 0( , , , )cl clx t x y β and 

0( , , , )cl cly t x y β  over [ ],cl endt t t∈ . Then, for all β  sufficiently 

close to 0β , the set of DAEs (1) has a unique perturbed 
trajectory solution ( , , , )cl clx t x y β  and ( , , , )cl cly t x y β  over 

[ ],cl endt t t∈  that is close to the nominal trajectory solution. 
This perturbed solution is given by 
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The sensitivities of dynamic and algebraic state vectors 
w.r.t. a chosen system parameter, ( )x xβ β= ∂ ⋅ ∂  and 

( )y yβ β= ∂ ⋅ ∂ , at a time t along the trajectory are obtained 

from the partial derivative of (9) w.r.t. β , i.e. 
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Lastly, the smooth evolution of the sensitivities along the 

trajectory is obtained by differentiating (10) w.r.t. t , i.e. 
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where fx, fy, fβ, gx, gy and gβ, are time-varying matrices 
computed along the system trajectories.  

B. Numerical solution 
Trajectory sensitivities are computed by solving (11) and 

(12) simultaneously with (1) by using any numerical method. 
The staggered direct method (SDM) has been selected to solve 
sequentially the set of DAEs representing the power system 
and trajectory sensitivities [30]. The trapezoidal rule is applied 
to algebraize the differential equations, such that sets of DAEs 
(1), (11), and (12) are expressed by the following set of 
algebraic difference equations 
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where h is the integration time step, and the superscript k is an 
index for the time instant tk at which variables and functions 
are evaluated, e.g. ( )k

kx x t= and ( ),k k kf f x y= . Nonlinear 

equations (13) and (14) are coupled to the DAEs (1) whereas 
(15) and (16) correspond to the set of linear time variant 
DAEs (11) and (12). 

The Newton-Raphson (NR) algorithm provides an 
approximate solution to (13) and (14) by solving for 

Tk kx y⎡ ⎤Δ Δ⎣ ⎦ in the linear problem J i ΔX i = -F(X i), given in 
expanded form by (17), where J is known as the Jacobian 
matrix 

( )
( )
( )

1 1
1

1 1 2

2 2

i i
i

i
iik k k

x y
k

k k
x y

F
J

h hI f f Fx
Fyg g

χ

+ +

+ +

Δ ⋅

⎡ ⎤− − ⎡ ⋅ ⎤⎡ ⎤Δ⎢ ⎥ = − ⎢ ⎥⎢ ⎥⎢ ⎥ ⋅Δ⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦ 123 14243
14444244443

   (17). 

For given values
Tk kx y⎡ ⎤⎣ ⎦ , the method starts from an 

initial guess 1 1
0 0

Tk k k kx x y y+ +⎡ ⎤= =⎣ ⎦  and updates the solution 

at each iteration i, i.e. 1 1 Tk k k k k kx x x y y y+ +⎡ ⎤= + Δ = + Δ⎣ ⎦ , 
until a convergence criterion is satisfied. The computational 
burden is directly associated to the size of the power system 
under study. 
 Once the states have been computed for a new time step, 
the sensitivity trajectories are calculated from the set of linear 
equations (18), which is derived from (15) and (16) 
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(18). 

The coefficient matrix on the left-side of (18) corresponds 
to the Jacobian matrix used in the final NR iteration to solve 
for  1kx +  and 1ky + at (17). Based on this observation, the 
computational burden for the calculation of trajectory 
sensitivities is substantially reduced because the coefficient 
matrix is already factored, and only a forward/backward 
substitution is required for the solution of 1kxβ

+  and 1kyβ
+  at 

each discrete time 1kt +  of the integration period [29]. 
The solution approach described above can be extended to 

compute the trajectory sensitivities associated to Np 
parameters of the system at each discrete time. In this case 
(18) is expressed as (19), which is solved Np times for the 
solution of 1k

ixβ
+  and 1k

iyβ
+ 1, ,i Np∀ = K , one at a time at the 

same time step 
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IV. LOCATION OF SERIES COMPENSATION 
Based on the observation that the more stressed the system 

is the larger its trajectory sensitivities are [17], it is possible to 
associate sensitivity information with the stability level of the 
system for a particular system parameter. The line 
susceptance’s effect on the system’s stability is measured by 
computing sensitivities of rotor angles trajectories w.r.t. 
transmission line susceptances, and measuring the proximity 
to instability. 

An index of proximity to instability is determined based on 
the sensitivity norm obtained for the period [ ],cl endt t t∈  for a 
ng-machines system given by [23], 
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where j denotes the reference machine. 

The growth in the peak values of trajectory sensitivities 
indicates an underlying stability problem, and ideally ( )NiS t  
should be infinite at the point of the system’s instability. 
Bearing this in mind, the index to proximity to instability is 
defined as the inverse of ( )NiS t , 1 / max ( )i NiS tη = , which 
will approach zero as the systems moves toward instability 
[23]. Based on this result, the most effective location of series 
compensation corresponds to a transmission line whose small 
perturbations in its susceptance produce the lowest value of 

iη . 

V. STUDY CASES 
The WSCC 9 buses, 3 generators and New England 39 

buses, 10 generators systems shown in Figs 2 and 3, 
respectively, were analyzed to assess the effectiveness of the 
proposed approach. For the purpose of the studies presented in 
this paper, the two-axis generator model is considered which 
includes a simple faster exciter loop containing max/min 
ceiling limits, a field winding on d-axis and a damping 
winding on both d-axis and q-axis. The constant impedance 
load model is considered in accordance to the model used by 
commercial grade programs to undertake studies of transient 
stability. Lastly, transmission network components are 
represented by their steady-state models, because the network 
variables change instantaneously with variations of the 
dynamic variables. 

The goal of the application is to determine the most 
appropriate line to be compensated to improve the transient 
stability for a set of possible faults taking place in a specified 
system’s geographic area. This improvement is quantified 
through the sensitivity index given in Section IV considering 
the sensitivities w.r.t. the series susceptance of transmission 
lines. The disturbance consisted of a self-cleared three phase 
to ground fault at one end of the transmission element. 

A. WSCC 9-buses, 3-generators system 
For this system, faults are applied at each system’s node, 

except at generator terminals, one at the time, and sensitivity 
indexes are computed for all transmission lines in order to 
determine which is the most suitable to be compensated. A 
stressed scenario was obtained for the kth fault by considering 
a clearing time (cl) value of 90% of the critical clearing time 
(CCT), 0.9k k

cl cctt t= . The results obtained by the proposed 
approach are reported in Table I. It must be pointed out that 6 
simulations were only required to obtain all results, whilst 42 
simulations would be required if the numerical TS method 
was used. 

From these results, it is observed that the stability index is 
most affected by changes in susceptances of lines connected  
 

 

 
Fig. 2. WSCC 9-buses, 3-generators. 

 

 
Fig. 3. New England 39-buses, 10-generators system. 

 
TABLE I. η  FOR EACH FAULT OF THE WSCC SYSTEM. 

Line 
susceptance 

η  for a faulted node 

7 8 9 6 5 4 

7 8B −  5.99 8.51 7.25 10.3 7.85 9.82 

8 9B −  4.84 6.77 4.18 6.46 6.09 6.93 

7 5B −  0.74 0.77 1.07 0.86 0.82 0.85 

9 6B −  1.32 1.26 1.59 1.35 1.35 1.39 

5 4B −  3.33 3.49 4.84 3.81 3.57 3.77 

6 4B −  7.66 7.31 7.70 7.68 7.77 7.82 
 
between nodes 7-5 and 9-6, 7 5B −  and 9 6B − . Hence, the best 
improvement of the system’s transient behavior will be 
achieved by compensating the most sensitive line, which is 
connected between nodes 7-5. It must be pointed out that this 
line resulted in the best option for applying compensation for 
all cases. Therefore, a global stability control is accomplished 
by compensating this line.  

Trajectory sensitivity analysis only indicates which line has 
to be compensated, but it does not indicate the type and degree 
of its compensation. However, this problem has been solved 
by a simple comparison of the system transient behavior 
without and with a specified level of compensation. 
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Figure 4 shows three trajectories of the relative machine 
angle 2 1δ δ−  considering no compensation, as well as 30 % of 
inductive and capacitive compensation of line 7-5. A fault was 
located at bus 6 and cleared at tcl=0.339 sec. From this figure 
it is clear that a capacitive compensation improves the 
transient stability by damping the first oscillation, whereas an 
inductive compensation has the opposite effect. 

Validation of the correct performance of the stability index 
is carried out by repeating the stability study stated above with  
a series capacitive compensation on the two lines with greater 
effect on the transient performance, i.e. lines 7-5 and 9-6, one 
at the time. The stability indexes for the base case indicated in 
Table I are 7 5( ) 0.86Bη − =  and 9 6( ) 1.35Bη − = , respectively. 
Fig. 5 shows the transient trajectories for all cases, confirming 
that the compensation on the most critical line 7-5 improved 
the first oscillation, better than line 9-6.  

Lastly, a comparison of the CCTs for the base case and 
compensation on the line 7-5 case is shown in Table II 
regarding all faulted nodes, one at the time. It is observed in 
the last column of this table that in all cases the CCT 
improved when compensation is embedded in the transmission 
line, improving the transient stability margin. 

B. New England 39-buses, 10-generators system 
For the 39 buses 10 generators power system, the trajectory 

sensitivities have been used to increasing the transient stability 
margin in all nodes around a weak area in the power system. 
This area corresponds to the locations of faults with the lower 
critical clearing times computed by a contingency screening 
analysis on all non-generator nodes. For this network, the set 
of critical faulted nodes is given by 25 to 29. A fault in one of 
these nodes makes the generator embedded in the bus 38 lose 
synchronism with respect to the rest of generators, which in 
turn steers the system relatively faster to the instability than 
the remainder faulted nodes out of the mentioned area. As an 
example, Fig. 6 shows graphically how the generator at node 
38 moves the rest of the machines forward for a fault applied 
at node 29.  

The most effective location of series compensation is 
assessed by applying a fault at all nodes, except those with 
power injections, one at the time, and computing sensitivity 
indexes w.r.t. all line susceptances. Similarly to the study 
described in § V-A, the clearing time values were considered 
as 90% of the CCTs and the faults were self-cleared. In this 
case, the study required 29 simulations to identify the most 
influential line susceptance in the power system. It must be 
pointed out that if the same study was performed based on 
computing the trajectory sensitivities by using perturbed 
trajectories [26], 1015 time domain simulations would be 
required, significantly increasing the computational burden. 

Table III reports the stability indexes resulting from the 
trajectory sensitivity analysis. Only lines with the lower values 
of stability indexes are reported. It is interesting to observe 
that these indexes correspond to faults applied at buses 
making up the weak area, which indicates that once the weak 
area has been identified, or an area of interest has been 
determined, it is only necessary to carry out the study in the 
set of nodes that comprise this area. The study in a sub-region 

of power system reduces substantially the computational 
burden (number of operations as well as memory 
requirements) especially for cases of large-scale systems. 

Based on the results of Table III, the most effective location 
of series compensation is at the line with the most sensitive 
susceptance: the line connected between buses 26 and 29. This 
compensation will increase the “distance” of the system’s 
trajectories to the stability boundary. This statement is 
confirmed by results shown in Fig. 7 which shows the relative 
rotor angle trajectory of the generator connected at node 38 
w.r.t. the swing generator 39, 38 39δ − for cases of non 
compensation, and 30% of capacitive compensation at the 
lines 26 29B − , 26 28B −  and 25 26B − , each one at the time. The fault 
was applied at bus 29 and cleared at its non compensation 
CCT given by 0.197cctt =  sec. As was expected, all cases 
with series compensation improved the transient stability 
behavior, being the most effective when compensation is 
applied in line 26-29.  
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TABLE II. CCTS WITH 30% COMPENSATION. 

Bus 0
CCTt  com

CCTt  CCTtΔ  

7 223 ms 230 ms 7 ms 
8 297 ms 311 ms 14 ms 
9 248 ms 256 ms 8 ms 
6 377 ms 404 ms 27 ms 
5 349 ms 352 ms 3 ms 
4 301 ms 310 ms 9 ms 
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Figure 6. Relative rotor angles. 

 
Finally, the comparison of the CCTs for the base case and 

compensation on line 26-29 is shown in Table IV regarding to 
faults at all nodes in the weak area, one at the time. It is 
observed in the last column of this table that in all cases the 
CCT improved when compensation was embedded in the most 
sensitive transmission line, improving the transient stability 
margin in the area. The best improvement was obtained when 
the fault is applied at bus 28, increasing the CCT in 20 ms, 
whereas the CCT is marginally improved by 9 ms when the 
fault is applied at bus 25. 

VI. CONCLUSIONS 
 In this paper, a systematic trajectory sensitivity-based 
approach has been proposed to determine the proper allocation 
of series-connected controllers in order to improve the 
transient stability margin of power systems. The approach is 
completely general and its application does not depend on the 
kind of series controller to be installed in the system. 
Guidelines to identify the most suitable location are given 
according to the relation between sensitivities of relative rotor 
angle with respect to line susceptances and an index to 
proximity to instability. Numerical examples on two 
benchmark power systems are provided and confirm the 
feasibility as well as the validity of the formulation. The 
proposed approach is an effective and practical method which 
could be used for large-scale power systems planning and 
operation. 
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